Homogeneous spherical data of orbits in spherical embeddings by Gagliardi, Giuliano & Hofscheier, Johannes
HOMOGENEOUS SPHERICAL DATA OF ORBITS IN
SPHERICAL EMBEDDINGS
GIULIANO GAGLIARDI AND JOHANNES HOFSCHEIER
Abstract. Let G be a connected reductive complex algebraic group. Luna
assigned to any spherical homogeneous space G/H a combinatorial object called
a homogeneous spherical datum. By a theorem of Losev, this object uniquely
determines G/H up to G-equivariant isomorphism. In this paper, we determine
the homogeneous spherical datum of a G-orbit X0 in a spherical embedding
G/H ↪→ X. As an application, we obtain a description of the colored fan
associated to the spherical embedding X0 ↪→ X0.
1. Introduction
Let G be a connected reductive complex algebraic group. A closed subgroup
H ⊆ G is called spherical if G/H possesses a dense open orbit for a Borel subgroup
B ⊆ G. In this case, G/H is called a spherical homogeneous space.
Luna assigned to any spherical homogeneous space G/H a combinatorial object
called a homogeneous spherical datum, which, by a theorem of Losev, uniquely
determines G/H up to G-equivariant isomorphism.
Fix a Borel subgroup B ⊆ G and a maximal torus T ⊆ B. We denote by S the
induced set of simple roots. The homogeneous spherical datum ofG/H is a quadruple
(M,Σ, Sp,Da) whereM is a sublattice of the character lattice X(B) of B, Σ ⊆M
is a linearly independent set of primitive elements called spherical roots, Sp ⊆ S,
and Da is an abstract finite set equipped with a map ρa : Da → N := Hom(M,Z).
From a homogeneous spherical datum, we may recover an abstract finite set D
(containing Da) called the set of colors, which is equipped with two maps ρ : D → N
(extending ρa) and ς : D → P(S) where P(S) denotes the power set of S. We denote
by Pα the minimal standard parabolic subgroup of G containing B corresponding
to α ∈ S. The elements of D correspond to the B-invariant prime divisors in G/H,
and for a color D ∈ D we have α ∈ ς(D) if and only if Pα moves D, i. e. Pα ·D 6= D.
As a convenient notation, we write D(α) for the set of colors moved by Pα.
Finally, we denote by V ⊆ NQ := N ⊗Z Q the dual cone to the convex cone
spanned by −Σ inMQ :=M⊗Z Q.
A G-equivariant open embedding G/H ↪→ X into a normal irreducible G-variety
X is called a spherical embedding, and X is called a spherical variety. The Luna-Vust
theory associates to any spherical embedding G/H ↪→ X a colored fan, which is a
collection of combinatorial objects called colored cones. A colored cone is a pair
(C,F) where C ⊆ NQ is a strictly convex polyhedral cone and F ⊆ D.
Moreover, there is an orbit-cone correspondence, i. e. colored cones in the colored
fan of G/H ↪→ X are in bijection with G-orbits in X. For two G-orbits X0, X1 in
X with corresponding colored cones (C,F), (C′,F ′) we have X1 ⊆ X0 if and only if
(C,F) is a face of (C′,F ′), which means that C is a face of C′ and F = F ′ ∩ ρ−1(C).
For details and references we refer the reader to Section 2.
It is known that any G-orbit X0 in a spherical embedding G/H ↪→ X is a
spherical homogeneous space as well (see, for instance, [Kno91, Corollary 2.2]), and
that its closure X0 is normal and hence a spherical variety (see, for instance, [Tim11,
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Theorem 15.20]). It is therefore a natural question to determine the homogeneous
spherical datum of X0 and the colored fan of its closure X0 ↪→ X0 in terms of the
homogeneous spherical datum of G/H, the colored fan of X, and the colored cone
of X0. The goal of this paper is to answer this question. The results are presented
in Theorems 1.1 and 1.2 below.
LetG/H be a spherical homogeneous space with associated homogeneous spherical
datum (M,Σ, Sp,Da) and G/H ↪→ X a spherical embedding. Let X0 be a G-orbit
in X with corresponding colored cone (C,F). In the statement of Theorem 1.1,
we denote by C⊥ the subspace in MQ orthogonal to C and by cone(Σ) (resp. by
cone(Σ0)) the convex cone spanned by Σ inMQ (resp. by Σ0 inM0,Q).
Theorem 1.1. The homogeneous spherical datum (M0,Σ0, Sp0 ,Da0) of X0 is de-
scribed as follows:
M0 =M∩ C⊥, cone(Σ0) = cone(Σ) ∩M0,Q, Sp0 = {α ∈ S : D(α) ⊆ F}.
Furthermore, for every D0 ∈ Da0 there exists exactly one D ∈ Da such that D0 is
contained in the closure of D in X. This defines a bijection
ψ : Da0 → {D ∈ Da : ς(D) ∩ Σ0 6= ∅}
with the associated map ρa0 : Da0 → N0 given by ρa0 = pi ◦ ρa ◦ ψ where pi : N → N0
denotes the map dual to the inclusionM0 ↪→M.
Moreover, if dim(C ∩ V) = dim C, then the statement about the spherical roots
can be refined to Σ0 = Σ ∩M0.
The following Theorem 1.2 generalizes a well-known result from the theory of
toric varieties (see, for instance, [CLS11, Proposition 3.2.7]).
Theorem 1.2. In the situation of Theorem 1.1, we denote the set of colors of G/H
(resp. of X0) by D (resp. by D0) and the associated map to P(S) by ς (resp. by ς0).
We define the map Φ: P(D)→ P(D0) by setting
Φ(F ′) := ψ−1(F ′) ∪
⋃
α∈S:D(α)⊆F ′
D0(α).
The colored cones in the colored fan of X0 ↪→ X0 are in bijection with the colored
cones (C′,F ′) in the colored fan of G/H ↪→ X such that (C,F) is a face of (C′,F ′).
Explicitly, the colored cone of X0 ↪→ X0 corresponding to (C′,F ′) is given by
(pi(C′),Φ(F ′)).
The remaining sections of this paper are organized as follows. In Section 2,
we fix the notation and recall some known results. Then we prove Theorem 1.1
and Theorem 1.2 in Section 3 and Section 4 respectively. In Section 5, we briefly
determine the scheme-theoretic intersection of the closure of a color with an orbit.
Finally, we present some examples in Section 6.
List of general notation.
P(A) power set of a set A,
C[X] algebra of regular functions on a variety X,
C(X) field of rational functions on an irreducible variety X,
X(G) character lattice of a connected algebraic group G,
K× multiplicative group of a field K,
V ∗ dual vector space to a vector space V ,
A⊥ orthogonal complement of a subset A of some vector space V ,
i. e. {v∗ ∈ V ∗ : 〈v∗, v〉 = 0 for every v ∈ A},
cone(A) convex cone generated by a subset A of some vector space,
C∨ dual cone to a convex cone C in some vector space V , i. e. {v∗ ∈
V ∗ : 〈v∗, v〉 ≥ 0 for every v ∈ C},
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C◦ relative interior of a convex polyhedral cone C in some finite-
dimensional vector space, i. e. topological interior of C in the
affine span of C.
2. Generalities
The notation introduced here will be valid throughout the paper. Another
purpose of this section is to gather some known results.
Let G be a connected reductive complex algebraic group and B ⊆ G a Borel
subgroup. We choose a maximal torus T ⊆ B, denote by R the associated root
system lying in the character lattice X(T ), and write S ⊆ R for the set of simple
roots corresponding to B. The character lattices X(B) and X(T ) are naturally
identified via restricting characters from B to T .
Let H ⊆ G be a spherical subgroup. We denote byM⊆ X(B) the weight lattice
of B-semi-invariants in the function field C(G/H) and by N := Hom(M,Z) the
dual lattice considered together with the natural pairing 〈·, ·〉 : N ×M→ Z.
A discrete valuation on C(G/H) is a map ν : C(G/H)× → Q satisfying the
following properties:
(1) ν(f1 + f2) ≥ min{ν(f1), ν(f2)} for f1, f2, f1 + f2 ∈ C(G/H)×,
(2) ν(f1f2) = ν(f1) + ν(f2) for f1, f2 ∈ C(G/H)×,
(3) ν(C×) = {0}.
We denote by V the set of G-invariant discrete valuations on C(G/H) and define
the map ι : V → NQ := N ⊗Z Q by 〈ι(ν), χ〉 := ν(fχ) where fχ ∈ C(G/H) is
B-semi-invariant of weight χ ∈ M (such a rational function fχ is unique up to a
constant factor). The map ι is injective (see [LV83, 7.4, Proposition] or [Kno91,
Corollary 1.8]) and V ⊆ NQ is a cosimplicial cone (see [Bri90]). Hence there is a
uniquely determined linearly independent set Σ ⊆ M of primitive elements such
that
V =
⋂
γ∈Σ
{v ∈ NQ : 〈v, γ〉 ≤ 0}.
The elements of Σ are called the spherical roots and V is called the valuation cone
of G/H.
Finally, we consider the set D of B-invariant prime divisors in G/H. The elements
of D are called the colors of G/H. For every D ∈ D we consider the set ς(D) ⊆ S
of simple roots α such that the corresponding minimal parabolic subgroup Pα ⊆ G
moves D, i. e. Pα ·D 6= D. This yields a map ς : D → P(S). We also consider the
map ρ : D → N defined by 〈ρ(D), χ〉 := νD(fχ) where νD is the discrete valuation
induced by the prime divisor D. We regard D as an abstract finite set equipped
with the two maps ς and ρ.
Theorem 2.1 ([Los09, Theorem 1]). The triple (M,Σ,D) uniquely determines the
spherical subgroup H ⊆ G up to conjugation.
The triple (M,Σ,D) still contains some redundant information, which we are
going to briefly explain in the following paragraphs. For details, we refer the
reader to [Lun97, 2.7, 3.4] and [Lun01, 2.3] or, as a general reference, to [Tim11,
Sections 30.10, 30.11].
Recall that D(α) is the set of colors moved by Pα, i. e. D ∈ D(α) if and only if
α ∈ ς(D). The colors are divided into three types. We denote by Da the set of
colors satisfying ς(D) ∩ Σ 6= ∅. In this case, we even have ς(D) ⊆ Σ, and there is
no bound on the number of elements in the set ς(D). The colors D ∈ Da have the
property that for every γ ∈ Σ we have 〈ρ(D), γ〉 ≤ 1 with 〈ρ(D), γ〉 = 1 if and only if
γ ∈ ς(D). Furthermore, for α ∈ Σ ∩ S we have |D(α)| = 2 and, if D(α) = {D′, D′′},
we have ρ(D′) + ρ(D′′) = α∨|M. Here (and elsewhere), α∨ denotes the coroot of α.
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We denote by D2a the set of colors satisfying ς(D) ∩ 12Σ 6= ∅. In this case, we
have |ς(D)| = 1, i. e. D ∈ D(α) for exactly one α ∈ S, and ρ(D) = 12α∨|M.
We denote by Db the set of the remaining colors, i. e. those satisfying ς(D) \ (Σ∪
1
2Σ) 6= ∅. In this case, we have |ς(D)| ≤ 2. We further subdivide the colors in Db:
Let Db1 := {D ∈ Db : |ς(D)| = 1} and Db2 := {D ∈ Db : |ς(D)| = 2}.
For a color D ∈ Db1 we have D ∈ D(α) for exactly one α ∈ S and ρ(D) = α∨|M.
A color D ∈ Db2 with ς(D) = {α, β} exists if and only if α and β are orthogonal
and α + β ∈ Σ ∪ 2Σ, and then we have ρ(D) = α∨|M = β∨|M. The union
D = Da ∪ D2a ∪ Db1 ∪ Db2 is disjoint.
For every α ∈ S we have |D(α)| ≤ 2 with |D(α)| = 2 if and only if α ∈ Σ, which is
equivalent to ∅ 6= D(α) ⊆ Da. In this case, we have D(α) = {D ∈ D : 〈ρ(D), α〉 > 0}.
We define
Sp := {α ∈ S : D(α) = ∅} = S \
⋃
D∈D
ς(D).
We write PA for the standard parabolic subgroup of G containing B and corre-
sponding to a subset A ⊆ S. Then PSp is the stabilizer of the open B-orbit in
G/H.
The quadruple (M,Σ, Sp,Da) is called the homogeneous spherical datum of
G/H. Here, we regard Da as an abstract finite set equipped only with the map
ρa := ρ|Da . Homogeneous spherical data can be described combinatorially. See
[Tim11, Definition 30.21] for details and references.
The full set of colors D may be recovered from the quadruple (M,Σ, Sp,Da) as
follows. Define D2a := {D2α : α ∈ 12Σ ∩ S} where the D2α are pairwise distinct
elements. For α, β ∈ S, write α ∼ β if α and β are orthogonal and α+ β ∈ Σ ∪ 2Σ.
Define
Db1 := {Dα : α ∈ S \ (Sp ∪ Σ ∪ 12Σ) and there exists no β ∈ S with α ∼ β}
and Db2 := {Dα,β : α, β ∈ S and α ∼ β} where the Dα and the Dα,β are pairwise
distinct elements. Let D := Da ∪D2a ∪Db1 ∪Db2 be a disjoint union and define the
map ρ : D → N by setting
ρ(D) :=

ρa(D) for D ∈ Da,
1
2α
∨|M for D = D2α ∈ D2a,
α∨|M for D = Dα ∈ Db1,
α∨|M = β∨|M for D = Dα,β ∈ Db2.
Finally, define the map ς : D → P(S) by setting
ς(D) :=

{α ∈ Σ ∩ S : 〈ρ(D), α〉 = 1} for D ∈ Da,
{α} for D = D2α ∈ D2a,
{α} for D = Dα ∈ Db1,
{α, β} for D = Dα,β ∈ Db2.
We obtain the following statement.
Proposition 2.2. The quadruple (M,Σ, Sp,Da) uniquely determines (M,Σ,D).
We will use the following result of Foschi ([Fos98, Section 2.2, Theorem 2.2], see
also [Tim11, Lemma 30.24]).
Proposition 2.3. Let D ∈ D be a color and let L be a G-linearized line bundle on
G/H with a section s ∈ H0(G/H,L) such that div s = D. Then the section s is
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B-semi-invariant of some weight λ ∈ X(B), and for α ∈ S we have
〈α∨, λ〉 =

1 if D ∈ D(α) and D ∈ Da ∪ Db,
2 if D ∈ D(α) and D ∈ D2a,
0 if D /∈ D(α).
A spherical embedding is a G-equivariant open embedding G/H ↪→ X into a nor-
mal irreducible G-varietyX. According to the Luna-Vust theory (see [LV83, Kno91]),
any spherical embedding G/H ↪→ X can be described by some combinatorial data.
A spherical embedding (and the corresponding spherical variety) is called simple
if it possesses exactly one closed G-orbit. If G/H ↪→ X is a simple embedding
with closed orbit X0, we denote by F(X) ⊆ D the set of colors whose closure in X
contains X0 and by C(X) the cone in NQ generated by ρ(F(X)) and the elements
νY ∈ V for all G-invariant prime divisors Y ⊆ X.
Definition 2.4 ([Kno91, Definition before Theorem 3.1]). A colored cone is a pair
(C,F) where F ⊆ D and C ⊆ NQ is a cone generated by ρ(F) and finitely many
elements of V such that C◦ ∩ V 6= ∅. A colored cone is called strictly convex if C is
strictly convex and 0 /∈ ρ(F).
Theorem 2.5 ([LV83, 8.10, Proposition] and [Kno91, Theorem 3.1]). The map
X 7→ (C(X),F(X)) is a bijection between isomorphism classes of simple spherical
embeddings G/H ↪→ X and strictly convex colored cones.
Now consider an arbitrary spherical embedding G/H ↪→ X. For every G-orbit
Y ⊆ X we define
XY :=
{
x ∈ X : Y ⊆ G · x
}
.
Then XY is a simple spherical variety with unique closed orbit Y and XY ⊆ X is
an open subset. The spherical variety X is covered by the open subsets XY for Y
varying over the G-orbits in X.
Definition 2.6 ([Kno91, Definition after Lemma 3.2]). A face of a colored cone
(C,F) is a colored cone (C′,F ′) such that C′ is a face of C and F ′ = F ∩ ρ−1(C′).
A colored fan is a nonempty collection F of strictly convex colored cones such that
every face of a colored cone in F is again in F and for every ν ∈ V there is at most
one (C,F) ∈ F such that ν ∈ C◦.
Theorem 2.7 ([Kno91, Theorem 3.3 and the paragraph before it]). The map
X 7→ F(X) := {(C(XY ),F(XY )) : Y ⊆ X is a G-orbit}
is a bijection between isomorphism classes of spherical embeddings G/H ↪→ X and
colored fans. Moreover, the assignment Y 7→ (C(XY ),F(XY )) defines a bijection
{G-orbits in X} → F(X) such that for two G-orbits Y,Z ⊆ X we have Y ⊆ Z if
and only if (C(XZ),F(XZ)) is a face of (C(XY ),F(XY )).
Finally, we will use the following result of Knop.
Theorem 2.8. Let G/H ↪→ X be a spherical embedding and let Y ⊆ X be a G-orbit
with corresponding colored cone (C,F). We set
X ′ := XY \
⋃
D∈D\F
D.
Then X ′ has the following properties:
(a) X ′ is B-stable, affine, and open.
(b) Y is the only closed orbit in G ·X ′.
(c) X ′ ∩ Y is a B-orbit.
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(d) For every B-semi-invariant f ∈ C[X ′ ∩ Y ] there exists a B-semi-invariant
f ′ ∈ C[X ′] with f ′|X′∩Y = f .
Proof. The properties (a), (b), and (c) are given in [Kno91, Theorem 2.1]. Moreover,
property (d) is property c) of [Kno91, Theorem 1.3], and it is implicitly shown in
the proof of [Kno91, Theorem 2.1] that X ′ satisfies this property. 
For the remainder of the paper, let G/H ↪→ X be a spherical embedding. Let
X0 ⊆ X be a G-orbit, and denote by (C,F) the corresponding colored cone.
3. Proof of Theorem 1.1
Replacing X with XX0 , we may and will assume that X is simple with closed
orbit X0. Let (M0,Σ0, Sp0 ,Da0) be the homogeneous spherical datum of X0.
Proposition 3.1 (see [Kno91, Theorem 6.3] or [Tim11, Theorem 15.14]). We have
M0 =M∩ C⊥.
Proposition 3.2. We have Sp0 = {α ∈ S : D(α) ⊆ F}.
Proof. Let S′ := {α ∈ S : D(α) ⊆ F} = S \ ⋃D/∈F ς(D). To show that S′ ⊆ Sp0 ,
we reproduce an argument from the proof of [Kno91, Lemma 6.5]. It is clear that
PS′ stabilizes X ′ := X \
⋃
D 6∈F D where the closures are taken in X. It follows
from Theorem 2.8(c) that X ′ ∩X0 is the open B-orbit in X0. In particular, PS′ is
contained in the stabilizer of the open B-orbit in X0. Hence we have S′ ⊆ Sp0 .
By [Kno91, Theorem 6.6], we have dimX0 = rankM− dim C + dimG/PS′ . On
the other hand, we may also consider the trivial embedding X0 ↪→ X0, where the
G-orbit X0 corresponds to the trivial colored cone (0, ∅). In this case, [Kno91,
Theorem 6.6] yields dimX0 = rankM0 − 0 + dimG/PSp0 .
Using Proposition 3.1, we obtain dimPS′ = dimPSp0 , therefore S
′ = Sp0 . 
We now turn our attention to the valuation cone. We denote by pi : N → N0 the
map dual to the inclusion M0 ↪→ M. The induced map of vector spaces is also
denoted by pi : NQ → N0,Q when there is no danger of confusion. We denote by
V0 ⊆ N0,Q the valuation cone of X0. The following result follows from a special case
proved by Brion and Pauer.
Proposition 3.3. We have V0 = pi(V).
Proof. Let u ∈ C◦ ∩ V and set C˜ := cone(u). Then (C˜, ∅) is a colored cone corre-
sponding to a spherical embedding G/H ↪→ X˜, where X˜ consists of exactly two
G-orbits, one of them being G/H and the second one, which we denote by X˜0, being
of codimension 1 (such spherical embeddings are called elementary). Let M˜0 be
the weight lattice of X˜0, and let pi : NQ → N˜0,Q be the map dual to the inclusion
M˜0 ↪→M. We denote the valuation cone of X˜0 by V˜0. Then [BP87, Théorème 3.6,
ii)] states pi(V) = V˜0.
According to [Kno91, Theorem 4.1], the identity morphism on G/H extends to
a G-equivariant morphism ϕ : X˜ → X, which maps the G-orbit X˜0 onto X0. The
map ϕ|
X˜0
: X˜0 → X0 induces the natural inclusionM0 ↪→ M˜0. Let
ϕ∗ : N˜0,Q → N0,Q
be the corresponding dual map. It follows from the beginning of [Kno91, Section 4]
that ϕ∗(V˜0) = V0. Together with pi = ϕ∗ ◦ pi, we obtain pi(V) = ϕ∗(pi(V)) = V0. 
Corollary 3.4. We have cone(Σ0) = cone(Σ) ∩M0,Q.
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Proof. We have
cone(Σ0) = −V∨0 = −pi(V)∨ = (−V∨) ∩M0,Q = cone(Σ) ∩M0,Q.

Lemma 3.5. Let γ ∈ Σ. If 〈C, γ〉 ⊆ Q≤0, then either γ ∈ Σ0 or Σ0 ⊆ cone(Σ\{γ}).
Proof. As 〈C, γ〉 ⊆ Q≤0, the cone C′ := C ∩ γ⊥ is a face of C. If C′ = C, then we
have C ⊆ γ⊥ and therefore γ ∈M0 by Proposition 3.1. By Corollary 3.4, it follows
that γ ∈ cone(Σ0), hence γ ∈ Σ0 as Q≥0γ is an extremal ray in the simplicial cone
cone(Σ). Otherwise we have 〈v, γ〉 < 0 for every v ∈ C◦. In that case, as C◦ ∩V 6= ∅,
there exists v0 ∈ C◦ ∩ V with 〈v0, γ〉 < 0. Since 〈v0,Σ〉 ⊆ Q≤0 and Σ0 ⊆ C⊥, we
obtain Σ0 ⊆ cone(Σ \ {γ}). 
Proposition 3.6. If dim(C ∩ V) = dim C, then Σ0 = Σ ∩M0.
Proof. It is clear that Σ ∩M0 ⊆ Σ0. It follows from dim(C ∩ V) = dim(C) that
(C ∩ V)⊥ = C⊥. Therefore, cone(Σ0) = cone(Σ) ∩ (C ∩ V)⊥ by Proposition 3.1 and
Corollary 3.4. In order to determine Σ0, we may hence assume (C,F) = (C ∩ V, ∅).
Since 〈V,Σ〉 ⊆ Q≤0, it follows from Lemma 3.5 and the linear independence of Σ
that
Σ0 ⊆
⋂
γ∈Σ\Σ0
cone(Σ \ {γ}) = cone(Σ ∩ Σ0),
hence Σ0 ⊆ Σ ∩ Σ0 as Σ0 is linearly independent. 
We now turn our attention to the set Da0 . By [Bri89, 2.2, Proposition], the prime
divisor D in X is a Cartier divisor for every D ∈ D \ F . This fact will be used in
the proofs of the following results.
Proposition 3.7. Let α ∈ Σ0 ∩ S. Then the following two statements hold:
(a) A color D ∈ D \ F cannot contain both colors in D0(α) simultaneously in
its closure.
(b) If D ∈ D \ F contains a color in D0(α) in its closure, then D ∈ D(α).
Proof. Before giving the proof of the two statements, we make some general ob-
servations. Replacing G with a suitable finite covering, we may assume that G
is of simply connected type, i. e. G = Gss × C where Gss is semi-simple simply
connected and C is a torus. Then, by [KKLV89, Proposition 2.4 and Remark after
it], any line bundle on X (resp. on X0) is G-linearizable. Moreover, as any two
linearizations differ by a character of C, for any B-invariant effective Cartier divisor
δ on X (resp. on X0) there exists a uniquely determined G-linearized line bundle Lδ
on X (resp. on X0) together with a B-semi-invariant and C-invariant global section
sδ (determined up to proportionality) such that div sδ = δ.
In particular, every color D0 ∈ D0 defines a G-linearized line bundle LD0 on
X0 together with a B-semi-invariant and C-invariant global section sD0 , whose
B-weight we denote by λD0 ∈ X(B).
Fix D ∈ D \ F . Since D is a B-invariant effective Cartier divisor, it defines a
G-linearized line bundle LD on X together with a B-semi-invariant and C-invariant
global section sD, whose B-weight we denote by λD ∈ X(B). As the restriction
sD|X0 is also B-semi-invariant and C-invariant, there exist µD0 ∈ Z≥0 and an
isomorphism of G-linearized line bundles
LD|X0 ∼=
⊗
D0∈D0
L
⊗µD0
D0
sending sD|X0 to a nonzero multiple of
⊗
D0∈D0 s
⊗µD0
D0
. In particular, we obtain
λD =
∑
D0∈D0 µD0λD0 .
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“(a)”: Assume that both colors in D0(α) = {D′0, D′′0} are contained in D. Then
s|X0 vanishes on D′0 and D′′0 , which implies µD′0 ≥ 1 and µD′′0 ≥ 1. Applying
Proposition 2.3 to the sections sD0 , we obtain
〈α∨, λD〉 =
∑
D0∈D0
µD0〈α∨, λD0〉 = µD′0 + µD′′0 ≥ 2.
Applying Proposition 2.3 to the section s|G/H , it follows that 〈α∨, λD〉 = 2 and
D ∈ D2a, i. e. 2α ∈ Σ is a spherical root. But we have α ∈ Σ0 ⊆ M0 ⊆ M, a
contradiction to 2α ∈M being primitive.
“(b)”: Assume that D contains D′0 ∈ D0(α) in its closure. Applying Proposi-
tion 2.3 to the sections sD0 , we obtain
〈α∨, λD〉 =
∑
D0∈D0
µD0〈α∨, λD0〉 ≥ µD′0 ≥ 1.
Applying Proposition 2.3 to the section s|G/H , it follows that D ∈ D(α). 
Remark 3.8. Statement (b) of Proposition 3.7 also follows from the following
geometric argument: Let D ∈ D\F contain a color D0 ∈ D0(α) in its closure. Then
Pα ·D0 is dense in X0. If Pα ·D = D, then Pα ·D = D, hence D ⊇ X0 and D ∈ F ,
a contradiction. Therefore Pα ·D 6= D and D ∈ D(α).
Corollary 3.9. Let α ∈ Σ0 ∩ S and D0(α) = {D′0, D′′0}. Then there exist distinct
colors D′, D′′ ∈ D \ F containing D′0 and D′′0 respectively in their closures in X.
Furthermore, we have D(α) = {D′, D′′} and α ∈ Σ.
Proof. It follows from Theorem 2.8(c) that every color in D0 is contained in the
closure of some color in D \ F . Hence there are D′, D′′ ∈ D \ F with D′0 ⊆ D′ and
D′′0 ⊆ D′′. By Proposition 3.7, the colors D′, D′′ are distinct and contained in D(α),
which implies that they are contained in Da, i. e. α ∈ Σ. 
Proposition 3.10. Let D0 ∈ Da0 . Then there exists exactly one color D ∈ D \ F
such that D0 ⊆ D where the closure is taken in X. This assignment defines a map
ψ : Da0 → Da,
such that for each α ∈ Σ0∩S we have a bijective restriction ψ|D0(α) : D0(α)→ D(α).
Proof. Let α ∈ ς0(D0) and D0(α) = {D0, D′0} with D′0 distinct from D0. By
Corollary 3.9, we have α ∈ Σ and D(α) = {D,D′} for distinct D,D′ ∈ D \ F such
that D0 ⊆ D and D′0 ⊆ D
′. Assume that there exists a further color D′′ ∈ D \ F
containing D0 in its closure. By Proposition 3.7(b), we have D′′ ∈ D(α). As
D′′ 6= D, we obtain D′′ = D′. Hence D′ contains both colors of D0(α) in its closure,
a contradiction to Proposition 3.7(a). 
Proposition 3.11. In the situation of Proposition 3.10, we have
ρ0(D0) = pi(ρ(ψ(D0))).
Proof. We set
Y := X \
⋃
D∈D\F
D and Z := X \
⋃
D∈D\(F∪ψ(D0))
D,
so that Y = Z \ ψ(D0). By Theorem 2.8(c), Y ∩X0 is the open B-orbit in X0. Let
χ ∈ M0, and let fχ ∈ C(X0) be a B-semi-invariant rational function of weight χ.
Then fχ is a regular function on Y ∩ X0, and by Theorem 2.8(d) there exists a
B-semi-invariant f ′χ ∈ C[Y ] of the same weight χ such that f ′χ|Y ∩X0 = fχ.
Assume 〈ρ(ψ(D0)), χ〉 ≥ 0, i. e. f ′χ extends to a regular function on Z. Then
fχ = f ′χ|Y ∩X0 extends to a regular function on Z ∩X0, therefore 〈ρ0(D0), χ〉 ≥ 0.
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We have shown that 〈ρ(ψ(D0)), χ〉 ≥ 0 implies 〈ρ0(D0), χ〉 ≥ 0 for every χ ∈M0.
It follows that ρ0(D0) = kpi(ρ(ψ(D0))) for some k ∈ Q≥0. For every α ∈ ς0(D0) we
have 〈ρ(ψ(D0)), α〉 = 1 = 〈ρ0(D0), α〉, hence k = 1. 
Corollary 3.12. Let D0 ∈ Da0 . Then we have ς0(D0) = ς(ψ(D0)) ∩ Σ0.
Proof. We have ς0(D0) = {α ∈ Σ0 : 〈ρ0(D0), α〉 = 1} = {α ∈ Σ0 : 〈ρ(ψ(D0)), α〉 =
1} = ς(ψ(D0)) ∩ Σ0. 
Proposition 3.13. The map ψ induces a bijection
ψ : Da0 → {D ∈ Da : ς(D) ∩ Σ0 6= ∅}.
Proof. We have Da0 =
⋃
α∈Σ0∩S D0(α) and⋃
α∈Σ0∩S
D(α) = {D ∈ Da : ς(D) ∩ Σ0 6= ∅}.
For every D0 ∈ Da0 , by Corollary 3.12, we obtain ψ(D0) ∈ D(α) for every α ∈
ς0(D0). The claimed bijectivity now follows from the bijectivity of the restrictions
ψ|D0(α) : D0(α)→ D(α). 
Proposition 3.14. Let D ∈ Da with ς(D) ∩ Σ0 6= ∅. Then for every α ∈ ς(D)
either α ∈ Σ0 or cone(Σ0) ⊆ cone(Σ \ {α}).
Proof. Let α ∈ ς(D) and D′ ∈ D(α). Assume that α /∈ Σ0. Fix α′ ∈ ς(D) ∩ Σ0. If
α′ ∈ ς(D′), then 〈ρ(D′), α′〉 = 1. Otherwise we have D′ 6= D, i. e. D(α) = {D,D′},
hence ρ(D) + ρ(D′) = α∨|M, and therefore
〈ρ(D), α′〉+ 〈ρ(D′), α′〉 = 〈α∨, α′〉 ≤ 0.
Since 〈ρ(D), α′〉 = 1, it follows that 〈ρ(D′), α′〉 < 0. In both cases, we have
〈ρ(D′), α′〉 6= 0. Since ρ(F) ⊆ C and Σ0 ⊆ C⊥, we have 〈ρ(F), α′〉 = {0}, hence
D′ /∈ F . As D′ ∈ D(α) was chosen arbitrarily, we obtain F ∩ D(α) = ∅. As
〈ρ(D′′), α〉 ≤ 0 for every D′′ ∈ D \ D(α), this implies 〈C, α〉 ⊆ Q≤0, so that
Lemma 3.5 completes the proof. 
4. Proof of Theorem 1.2
By Theorem 2.7, the G-orbits contained in the closure of X0 in X correspond
to the colored cones (C′,F ′) in the colored fan of G/H ↪→ X such that (C,F) is a
face of (C′,F ′). For the remainder of this section, let X1 ⊆ X0 ⊆ X be a G-orbit
corresponding to the colored cone (C′,F ′). The G-orbit X1 also corresponds to a
colored cone (C′0,F ′0) in the colored fan of X0 ↪→ X0. Recall the map Φ: P(D)→
P(D0) from Theorem 1.2, which is defined by
Φ(F ′) := ψ−1(F ′) ∪
⋃
α∈S:D(α)⊆F ′
D0(α).
In order to prove Theorem 1.2, we have to show that (C′0,F ′0) = (pi(C′),Φ(F ′)).
Proposition 4.1. We have C′0 = pi(C′).
Proof. For χ ∈M we denote by fχ ∈ C(G/H) a B-semi-invariant rational function
of weight χ. The rational function fχ is defined on an open subset of X1 if and only
if X1 is not contained in the pole set of fχ, which is equivalent to χ ∈ (C′)∨ (see,
for instance, [Kno91, Theorem 2.5, a)]). We obtain
A′ := {χ ∈M : fχ is defined on an open subset of X1} = (C′)∨ ∩M.
Similarly, we denote by f0,χ ∈ C(X0) a B-semi-invariant rational function of weight
χ for χ ∈M0 and obtain
A′0 := {χ ∈M0 : f0,χ is defined on an open subset of X1} = (C′0)∨ ∩M0.
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As A′0 = A′ ∩M0 (where the inclusion “⊆” follows from Theorem 2.8(d)), we have
(C′0)∨ = (C′)∨∩M0,Q = pi(C′)∨. Passing to the dual cones, we obtain C′0 = pi(C′). 
Proposition 4.2. We have F ′0 = Φ(F ′).
Proof. Let (M1,Σ1, Sp1 ,Da1) be the homogeneous spherical datum of X1. By Theo-
rem 1.1, we have
SF ′ := {α ∈ S : D(α) ⊆ F ′} = Sp1 = {α ∈ S : D0(α) ⊆ F ′0} =: SF ′0 .
“⊆”: Let D0 ∈ F ′0. Since
⋃
α∈SF′ D0(α) ⊆ Φ(F ′), it remains to verify the case
D0 /∈
⋃
α∈SF′ D0(α). As SF ′ = SF ′0 , for every α ∈ ς0(D0) the set D0(α) is not
contained in F ′0, which means that it contains D0 and a color in D0 not contained
in F ′0. This implies |D0(α)| = 2 and hence D0 ∈ Da0 . As X1 is contained in the
closure of D0, which is contained in the closure of ψ(D0), we obtain ψ(D0) ∈ F ′.
“⊇”: Let D0 ∈ Φ(F ′). If D0 ∈
⋃
α∈SF′ D0(α), then, as SF ′ = SF ′0 , we have
D0 ∈ F ′0. It remains to verify the case D0 ∈ ψ−1(F ′) \
⋃
α∈SF′ D0(α), in particular
D0 ∈ Da0 and ψ(D0) ∈ F ′. Let α′ ∈ ς0(D0). As the restriction ψ|D0(α′) : D0(α′)→
D(α′) is bijective and ψ(D0) /∈
⋃
α∈SF′ D(α), the unique color D′0 ∈ D0(α′) \ {D0}
satisfies ψ(D′0) /∈ F ′, hence D′0 /∈ F ′0. Moreover, observe that
{D′′0 ∈ D0 : 〈ρ0(D′′0 ), α′〉 > 0} = D0(α′) = {D0, D′0}.
Now assume D0 6∈ F ′0. Then the cone C′0 is generated by elements of V0 and ρ0(D′′0 )
for some colors D′′0 in D0 not contained in D0(α′), which implies 〈C′0, α′〉 ⊆ Q≤0.
According to Proposition 4.1, we have pi(ρ(ψ(D0))) ∈ C′0. Using Proposition 3.11,
we also obtain 〈pi(ρ(ψ(D0))), α′〉 = 〈ρ0(D0), α′〉 = 1 > 0, a contradiction. 
5. Intersecting colors with orbits
In this section, we assume G/H ↪→ X to be a simple spherical embedding with
closed orbit X0. Recall that the prime divisor D in X is a Cartier divisor for every
D ∈ D \ F in this case (see [Bri89, 2.2, Proposition]). We are going to determine
the scheme-theoretic intersection D ∩X0.
This is done similarly to the proof of Proposition 3.7. After replacing G with
Gss × C, the B-invariant effective Cartier divisor D defines a G-linearized line
bundle LD together with a B-semi-invariant and C-invariant global section sD,
whose B-weight we denote by λD. Then div s|X0 coincides with the scheme-theoretic
intersection D ∩X0.
The weight λD can be determined explicitly by applying Proposition 2.3 to
the restriction s|G/H . On the other hand, we may use the method of the proof of
Proposition 3.7 to determine the colors appearing in div s|X0 with their multiplicities:
In the notation of the proof of Proposition 3.7, we have λD =
∑
D0∈D0 µD0λD0 ,
where µD0 is the multiplicity of the color D0 in div s|X0 . The multiplicities µD0 can
now be obtained by inspecting the equalities 〈α∨, λD〉 =
∑
D0∈D0 µD0〈α∨, λD0〉 for
α ∈ S. Indeed, for D0 ∈ D2a0 ∪ Db10 ∪ Db20 and α ∈ ς0(D0) we obtain 〈α∨, λD〉 =
µD0〈α∨, λD0〉. For D0 ∈ Da0 and α ∈ ς0(D0) we write D0(α) = {D0, D′0} with
D0 6= D′0. Then we have α ∈ Σ by Corollary 3.9, and the ambiguity in the
expression 1 ≥ 〈α∨, λD〉 = µD0〈α∨, λD0〉+µD′0〈α∨, λD′0〉 = µD0 +µD′0 is resolved by
the observation that, if D ∈ ψ(Da0), then the color ψ−1(D) must occur in div s|X0 .
An explicit description of D ∩X0 is given in Table 1.
6. Examples
In this section, we provide examples illustrating several phenomena. Example 6.1,
Example 6.2, and Example 6.3 show how colors in Da, D2a, and Db2 respectively can
lead to colors in Db10 (colors in Da0 , D2a0 , and Db20 always come from corresponding
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D D ∩X0 condition
D ∈ Da ψ
−1(D) +
∑
α∈ς(D)\Σ0 D0,α ς(D) ∩ Σ0 6= ∅∑
α∈ς(D)D0,α ς(D) ∩ Σ0 = ∅
D2α ∈ D2a D0,2α 2α ∈ Σ02D0,α 2α /∈ Σ0
Dα,β ∈ Db2 D0,α,β α+ β ∈ Σ0 ∪ 2Σ0D0,α +D0,β α+ β /∈ Σ0 ∪ 2Σ0
Dα ∈ Db1 D0,α
Table 1.
colors in Da, D2a, and Db2 respectively). Example 6.4 and Example 6.5 show that
Σ0 = Σ ∩M0 is not true in general and illustrate the appearance of new spherical
roots depending on the colored cone chosen. Moreover, Example 6.5 illustrates the
possibility that the scheme-theoretic intersection of the closure of a color in Da
with X0 can be the sum of a color in Da0 and a color in Db10 . Finally, Example 6.6
illustrates Theorem 1.2.
Example 6.1. Let G := SL2 with set of simple roots S = {α} and consider the
homogeneous spherical datum (M,Σ, Sp,Da) given by
M := spanZ Σ, Σ := {α},
Sp := ∅, Da := {D′, D′′}
where ρ(D′) = ρ(D′′) = 12α∨|M. This corresponds to the spherical homogeneous
space SL2/T where T ⊆ SL2 is a maximal torus. Consider the colored cone
(V, ∅) associated to the spherical embedding SL2/T ↪→ P1 × P1 with closed orbit
diag(P1) ∼= SL2/B. Then we have M0 = C⊥ ∩M = {0}, Σ0 = ∅, Sp0 = ∅, and
Da0 = ∅. The full set of colors is D0 = {D0,α}.
Example 6.2. Let G := SL2 with set of simple roots S = {α} and consider the
homogeneous spherical datum (M,Σ, Sp,Da) given by
M := spanZ Σ, Σ := {2α},
Sp := ∅, Da := ∅.
This corresponds to the spherical homogeneous space SL2/N where N is the nor-
malizer of a maximal torus in SL2. The full set of colors is D = {D2α} with
ρ(D2α) = 12α∨|M. Consider the colored cone (V, ∅) associated to the spherical
embedding SL2/N ↪→ P2 with closed orbit a quadric isomorphic to SL2/B. Then
we haveM0 = C⊥ ∩M = {0}, Σ0 = ∅, Sp0 = ∅, and Da0 = ∅. The full set of colors
is D0 = {D0,α}.
Example 6.3. Let G := SL2×SL2 with set of simple roots S = {α, β} and consider
the homogeneous spherical datum (M,Σ, Sp,Da) given by
M := spanZΣ, Σ := {α+ β},
Sp := ∅, Da := ∅.
This corresponds to the spherical homogeneous space (SL2 × SL2)/N where N is
the normalizer of diag(SL2) in SL2 × SL2. The full set of colors is D = {Dα,β}
with ρ(Dα,β) = α∨|M = β∨|M. Consider the colored cone (V, ∅). Then we have
M0 = C⊥ ∩M = {0}, Σ0 = ∅, Sp0 = ∅, and Da0 = ∅. The full set of colors is
D0 = {D0,α, D0,β}.
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Example 6.4. This example is based on [BL11, 1.2.4, Example 4]. LetG := SL2×F4
with set of simple roots S = {α1, β1, β2, β3, β4} and consider the homogeneous
spherical datum (M,Σ, Sp,Da) given by
M := spanZ Σ, Σ := {α1, β1, β2 + β3, β3 + β4},
Sp := ∅, Da := {D′, D′′, D′′′}
where ρa : Da → N has yet to be specified. We may regard Σ as standard basis of
M, which yieldsM∼= Z4 and a corresponding dual isomorphism N ∼= Z4. We give
the full map ρ : D → N . We have D = {D′, D′′, D′′′, Dβ2 , Dβ3 , Dβ4} with
ρ(D′) = (1,−1, 0, 0), ρ(D′′) = (1, 1, 0, 0), ρ(D′′′) = (−1, 1,−1, 0),
ρ(Dβ2) = (0,−1, 1,−1), ρ(Dβ3) = (0, 0, 0, 1), ρ(Dβ4) = (0, 0,−1, 1).
Now consider F := {D′′′, Dβ2}, C := cone(ρ(F)), and the colored cone (C,F). We
obtainM0 = ρ(F)⊥ ∩M = spanZ((0, 1, 1, 0), (1, 1, 0,−1)) and
cone(Σ0) = cone(Σ) ∩M0 = cone((0, 1, 1, 0)),
i. e. Σ0 = {β1 + β2 + β3}. Moreover, we have Sp0 = {β2} and Da0 = ∅. The full set
of colors is D0 = {D0,α1 , D0,β1 , D0,β3 , D0,β4}. Note that dim(C ∩ V) < dim C and
Σ0 * Σ. Moreover, we have β1 /∈ Σ0 and cone(Σ0) * cone(Σ \ {β1}), which, as
required by Proposition 3.14, forces ς(D′′) ∩ Σ0 = ∅ and hence α1 /∈ Σ0.
Example 6.5. We consider the same homogeneous spherical datum as in Exam-
ple 6.4, but the colored cone (C,F) with F := {Dβ2 , Dβ4} and C := cone(ρ(F)). We
obtainM0 = C⊥ ∩M = spanZ((1, 0, 0, 0), (0, 0, 1, 1)) and
cone(Σ0) = cone(Σ) ∩M0 = cone((1, 0, 0, 0), (0, 0, 1, 1)),
i. e. Σ0 = {α1, β2 + 2β3 + β4}. Moreover, we have Sp0 = {β2, β4} and Da0 =
{D′0, D′′0} with D′ = ψ(D′0) and D′′ = ψ(D′′0 ). The full set of colors is D0 =
{D′0, D′′0 , D0,β1 , D0,β3}. Again, we have dim(C ∩ V) < dim C and Σ0 * Σ. In
this case, we have cone(Σ0) ⊆ cone(Σ \ {β1}), which means that Proposition 3.14
still allows α1 ∈ Σ0. Moreover, as D′′ ∈ Da and ς(D′′) = {α1, β1}, we have the
scheme-theoretic intersection D′′ ∩X0 = D′′0 +D0,β1 .
Example 6.6. Let G := SL2 × SL2 × SL2 × SL2 with set of simple roots S =
{α, β, γ, δ} and consider the homogeneous spherical datum (M,Σ, Sp,Da) given by
M := spanZ(Σ ∪ { 12δ}), Σ := {α, β+γ2 },
Sp := ∅, Da := {D′, D′′}
where ρa : Da → N has yet to be specified. We may regard Σ ∪ { 12δ} as standard
basis ofM, which yieldsM∼= Z3 and a corresponding dual isomorphism N ∼= Z3.
We give the full map ρ : D → N . We have D = {D′, D′′, Dβ,γ , Dδ} with
ρ(D′) = ρ(D′′) = e1 := (1, 0, 0),
ρ(Dβ,γ) = e2 := (0, 1, 0),
ρ(Dδ) = e3 := (0, 0, 1).
The corresponding spherical subgroup is H := T × diag(SL2)×U where T ⊆ SL2 is
a maximal torus and U ⊆ SL2 is a maximal unipotent subgroup. Now consider the
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colored fan
F :=
{
(0, ∅), (cone(−e1 − e2), ∅), (cone(e3), {Dδ}), (cone(−e3), ∅),
(cone(−e1 − e2, e1), {D′}), (cone(−e1 − e2, e2), {Dβ,γ}),
(cone(−e1 − e2, e3), {Dδ}), (cone(−e1 − e2,−e3), ∅),
(cone(−e1 − e2, e1, e3), {D′, Dδ}), (cone(−e1 − e2, e1,−e3), {D′}),
(cone(−e1 − e2, e2, e3), {Dβ,γ , Dδ}), (cone(−e1 − e2, e2,−e3), {Dβ,γ})
}
,
which corresponds to a complete spherical embedding of G/H.
We are going to apply Theorem 1.2 to several colored cones (C,F) ∈ F. We
denote by F0 the colored fan of the spherical embedding X0 ↪→ X0 where X0 is the
G-orbit corresponding to the colored cone (C,F) and define ei := pi(ei) for i = 1, 2, 3.
First, consider the colored cone (C,F) := (cone(e3), {Dδ}). According to Theo-
rem 1.1, we haveM0 = spanZ(Σ), Σ0 = Σ, Sp0 = {δ}, and Da0 = {D′0, D′′0} withD′ =
ψ(D′0) and D′′ = ψ(D′′0 ). The full set of colors is given by D0 = {D′0, D′′0 , D0,β,γ}.
Theorem 1.2 yields
F0 =
{
(0, ∅), (cone(−e1 − e2), ∅), (cone(−e1 − e2, e1), {D′0}),
(cone(−e1 − e2, e2), {D0,β,γ})
}
.
Next, consider the colored cone (C,F) := (cone(−e3), ∅). According to The-
orem 1.1, we have M0 = spanZ(Σ), Σ0 = Σ, Sp0 = ∅, and Da0 = {D′0, D′′0}
with D′ = ψ(D′0) and D′′ = ψ(D′′0 ). The full set of colors is given by D0 =
{D′0, D′′0 , D0,β,γ , D0,δ}. Theorem 1.2 yields
F0 =
{
(0, ∅), (cone(−e1 − e2), ∅), (cone(−e1 − e2, e1), {D′0}),
(cone(−e1 − e2, e2), {D0,β,γ})
}
.
Finally, consider the colored cone (C,F) := (cone(−e1 − e2), ∅). According to
Theorem 1.1, we haveM0 = spanZ({α− β+γ2 , 12δ}), Σ0 = ∅, Sp0 = ∅, and Da0 = ∅.
The full set of colors is given by D0 = {D0,α, D0,β , D0,γ , D0,δ}. Theorem 1.2 yields
F0 =
{
(0, ∅), (cone(e1), ∅), (cone(e2), {D0,β , D0,γ}),
(cone(e3), {D0,δ}), (cone(−e3), ∅),
(cone(e1, e3), {D0,δ}), (cone(e1,−e3), ∅),
(cone(e2, e3), {D0,β , D0,γ , D0,δ}), (cone(e2,−e3), {D0,β , D0,γ})
}
.
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